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Abstract. Phonon conductivity in intermediately doped n-type silicon still remains unexplained. In this
paper we have calculated the phonon conductivity in Li-doped silicon for Nex < Nc using Mikoshiba’s
inhomogeneity model. We have introduced spherical polar coordinates for the phonon polarization vectors
in Sota and Suzuki’s theory in order to take into account the realistic picture of the scattered phonons.
Deformation potential for different polarizations λ has been evaluated for the metallic region. Present
calculations show that Mikoshiba’s inhomogeneity model is able to explain the phonon conductivity of
Li-doped silicon having intermediate donor concentration very well.

PACS. 63.20.kr Phonon-electron and phonon-phonon interactions – 66.70.+f Nonelectronic thermal
conduction and heat-pulse propagation in solids; thermal waves

1 Introduction

Very recently, the present author (with the co-
author) [1,2] has explained phonon conductivity in inter-
mediately doped n-type germanium. By considering the
technological demands of silicon, in the present paper,
we have investigated the electron-phonon interaction and
phonon conductivity in Li-doped silicon having Nex < Nc,
where Nex is the donor concentration and Nc is the critical
concentration of the donor at which the sample becomes
metal. Experimentally phonon conductivity for such inter-
mediately doped n-type silicon has been investigated by
many researchers [3–5]. In order to explain phonon con-
ductivity for such type of semiconductors, we have used
the inhomogeneity model of Mikoshiba [6] in which the im-
purity states are regarded as the spatial mixture of metal-
lic and non-metallic regions.

In Section 2 we have presented the detail procedure for
the calculation of electron-phonon relaxation rate expres-
sion in heavily doped n-type silicon. Section 3 provides the
results of the calculations for the phonon conductivity in
Li-doped silicon having intermediate donor concentration
and presents a thorough analysis of the obtained results.

2 Theory

Following Mikoshiba’s inhomogeneity model [6], for inter-
mediately doped semiconductors in which Nex < N c, we
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can spatially separate the charge centers into metallic and
non-metallic regions, where

Nc = (0.25/a∗)3 (1)

with a∗= (a2b)1/3 is the effective Bohr radius [7] and ‘a’
and ‘b’ are the transverse and longitudinal Bohr radii re-
spectively. In the non-metallic region the charged centers
are localized and screening effect can be ignored safely
in order to investigate electron-phonon interaction. On
the other hand, in the metallic region the wave function
of the donor atoms overlaps with one another and elec-
trons become free. Here, the electron-phonon interaction
is strongly affected by the screening effect of the conduc-
tion electrons.

In the aforesaid model, in non-metallic region there is
no neighbor closer than the radius rc = (144/π2)1/3a∗.
Hence, the concentration of non-metallic donor cen-
ters are:

Nnm = Nex exp(−tc) (2)

with
tc =

4π

3
Nexr3

c

and the concentration of metallic states is given by

Nm = Nex[1 − exp(−tc)]. (3)

For the metallic region, the donor states merge with
the conduction band. Sota and Suzuki [8] derived the
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general expression of electron-phonon relaxation rate in
metallic region following self-consistent method as:

τ−1
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−
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D (êλ · q̂)2 + RSE2
u


∑

j

U2
jλ





 ·

(4)

Explicit expressions for RD and RS are given in refer-
ence [8] (Eq. (48) and Eq. (49) therein). Here ED =
Ed + Eu/3; Ed and Eu are the dilatation and shear de-
formation potential constant respectively. The ‘n’ is the
number of conduction band minima and for silicon it is 6.
The êλ(q) are the three phonon polarization vectors with
λ = 1, 2 and 3. Explicit expression for τ−1

m depends on
the choice of the phonon polarization vectors eλ. In order
to take into account the scattered phonons, here we have
introduced the spherical polar coordinates for the phonon
polarization vectors. We have pointed ê1 along the prop-
agation of the phonon wave vector q and chosen:

ê1 = î sin θ cos φ + ĵ sin θ sin φ + k̂ cos θ

ê2 = î cos θ cos φ + ĵ cos θ sin φ − k̂ sin θ

ê3 = −î sin φ + ĵ cos φ (5)

for the three phonon polarization vectors. In equation (4),

Ujλ = êλ ·
(
U (j) − 1

)
· q̂. (6)

The values of the matrices U (j) for the different values of
the conduction band minima ‘j’ can be obtained from the
dyad (k̂(j) : k̂(j)), where k̂(j) are the unit vectors point-
ing towards the bottom of the jth valley of the conduc-
tion band. Ujλ for different values of the conduction band
minima ‘j’ and polarizations ‘λ’ can be evaluated from
equation (6).

Here, we have obtained the angular average for
∑

j U2
jλ

over the solid angle dΩ for silicon for different value
of λ as:〈∑

j

U2
jλ

〉
=

8
15

for λ = 1,

〈∑
j

U2
jλ

〉
=

7
15

for λ = 2

and〈∑
j

U2
jλ

〉
=

1
3

for λ = 3.

For non-metallic donor states we have used the
electron-phonon relaxation rate expression derived by Roy
and Sood [9] for elastic τ−1

el , inelastic τ−1
inel and thermally

assisted phonon absorption prosses τ−1
abs. To derive those

expressions anisotropic donor electron wave function has

been used in the deformation potential theory. Here we
present only the expression for elastic process,

τ−1
el =

ω4
qλ

4πρ2v2
λ

∑
λ′

1
v5

λ′

4 (4∆)2

[(�ωqλ)2 − (4∆)2]2 + 4Γ 2(4∆)2

×
[

[Ns(T ) + Nf (T )]
5∑

m=1

[
〈(M q′λ′

0m )2〉〈(M qλ
m0)2〉

]

+ Nf (T )
[

(�ωqλ)2 + (4∆)2

2(�ωqλ)2

] 5∑
n=1

[
〈(M q′λ′
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×
5∑

m=1

〈(M qλ
m0)2〉

]]
. (7)

In equation (7), Ns(T ) and Nf (T ) are the density of
electron in the singlet, 1s(A1) and fivefold degenerate,
1s(E +T2) states respectively corresponding to nonmetal-
lic region. M qλ

mn represents the matrix element for the
scattering of phonon having wave vector q and polariza-
tion λ by the bound donor electron from a state ‘m’ to a
state ‘n’. The ‘4∆’ is the chemical shift between 1s(A1)
and 1s(E + T2) states and Γ is the total level width. Ex-
plicit expression for M qλ

mn, τ−1
inel, τ−1

abs and Γ can be found
in reference [9]. The relaxation rates for phonon due to
different scattering process in the non-metallic states is:

τ−1
nm = τ−1

el + τ−1
inel + τ−1

abs. (8)

3 Result and discussion

For the calculation of phonon conductivity ‘K’ we have
used the Callaway model [10] modified by Holland [11]
which is given by:

K = Kl + Kt1 + Kt2 (9)

where

Kl =
k4

BT 3

6π2�3vl

∫ Θl/T

0

τcl(x)J4(x)dx (10)

Kt1 =
k4

BT 3

3π2�3vt

∫ Θ′
t/T

0

τct(x)J4(x)dx (11)

Kt2 =
k4

BT 3

3π2�3vt

∫ Θt/T

Θ′
t/T

τ ′
ct(x)J4(x)dx (12)

with J4(x) = x4ex

(ex−1)2 .

The Θl and Θt are calculated at the first zone bound-
ary frequencies of the phonon dispersion curve for the LA
and TA branches respectively while Θ′

t corresponds to the
phonon frequency at qmax/2 in TA branch. The τcl, τct

and τ ′
ct are the total relaxation time for the longitudi-

nal,transverse first zone (0 < q < qmax/2) and transverse
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Fig. 1. Relaxation rates τ−1 of the incoming longitudinal
phonons as a function of angular frequency ω in Li-doped sil-
icon (sample-9 of Ref. [5]) with Eu = 13 eV, Ed = 4 eV at
T = 5 K. Solid line is for boundary scattering, - - - - represents
metallic part,− ·− · − represents elastic scattering,− · · − · · −
represents inelastic scattering, − · · · − · · · − represents point
defect scattering and − · · · · − · · · · − is for thermally assisted
phonon absorption process.

second zone respectively. x = �ωqλ

kBT ; vλ is the phonon ve-
locity; ωqλ the phonon angular frequency. The total relax-
ation rate τ−1(x) is

τ−1(x) = τ−1
b + τ−1

pt + τ−1
3ph + τ−1

m + τ−1
nm (13)

with τ−1
b = vλ

�Lc
; Lc is the Casimir length, τ−1

pt = Aω4
qλ;

τ−1
3ph = Blω

2
qλT 3 for the longitudinal phonons. For the

transverse branch τ−1
3ph is equal to BtωqλT 4 for 0 <

q < qmax/2 and it is equal to B′
tω

2/sinhx in the region
qmax/2 < q < qmax of the phonon dispersion curve. Ex-
pressions for τ−1

m and τ−1
nm are given by equations (4) and

(8) respectively.
Figure 1 shows the relaxation rate τ−1

el , τ−1
inel, τ−1

abs, τ−1
m ,

τ−1
b , τ−1

pt versus angular frequency ω at T = 5 K for in-
coming longitudinal phonons for Nex = 5.2 × 1017/cm3.
As three phonon processes are negligible at T = 5 K, so
it has not been shown in Figure 1. From Figure 1 it is ob-
served that τ−1

m plays an important role in the frequency
range 1 × 1011 < ω < 8.5 × 1012 Hz. For non-metallic re-

Fig. 2. Phonon conductivity obtained by the present calcula-
tions and the experimental points for Li-doped silicon (sample-
8 of Ref. [5]). Values of the different parameters are given in
Table 1.

gion τ−1
el plays a very important role along with τ−1

abs in the
phonon conduction process whereas τ−1

inel is less significant.
So it is remarkable to mention here that at low temper-
ature electron-phonon interaction plays the vital role in
the phonon scattering process both for non-metallic and
metallic regions. Using equation (9), the phonon conduc-
tivity ‘K’ of Li-doped silicon is calculated upto T = 50 K.
Theoretical results obtained from our present calcula-
tions together with the experimental results of Fortier
and Suzuki [5] for two samples with Nex < Nc are
shown in Figures 2 and 3 respectively. Values of differ-
ent parameters used in our present calculations for dif-
ferent samples are given in Table 1. For Li-doped silicon
4∆ = 1.8 meV [12]. In the present calculations, we have
used v1 = 9.33×105 cm/s, v2 = v3 = 5.42×105 cm/s, crys-
tal density ρ = 2.33 gm/cm3. With the experimental value
of ionization energy for Li doped silicon, Eo = 0.033 eV
for the 1s state the calculated value of a = 24.65 Å and
b = 11.24 Å are used [13,14].

For lightly doped Li-doped silicon, value of the point
defect parameter ‘A’ taken by Fortier and Suzuki [5] is
1.32 × 10−45 s3. For the present samples we have chosen
higher values of the point defect scattering parameter ‘A’
than that of the lightly doped samples. Increased value
of ‘A’ is justified in the present case because of higher
donor concentration [1,2,15]. In Figure 2 Lc was adjusted
to get the best fit with the experimental phonon con-
ductivity ‘K’. For sample-8 the reported value of Lc is
0.265 cm [5]. But in Figure 3 for sample-9 of reference [5]
we have taken the reported value of Lc to get the best
fit. Adjusted value of the parameters τ ′ and ν′ are not
far away from the values reported for Ge by Roy and
Deb [1,2] as well as by Sota and Suzuki (τ ′=10−13 to
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Table 1. Values of the different parameters used in the present calculations to calculate phonon conductivity in different
Li-doped silicon.

Trans.
3-phonon
scattering
parameters

Sample
of
Ref.
[5]

Donor
conentration
Nex/cm3

Casimir
length
Lc in
cm

Dilatation
deformation
potential Ed

in eV

Shear
deformation
potential Eu

in eV

Point defact
parameter
A in sec3

Long.
3-phonon
scattering
parameter
B1 in sec
K-3

Bt in
K-4

B′t in
sec

 ι′ in sec ν′ of sec-1

8 2.0 × 1017 0.1254 3 12 4.45 ×10-45 1.18
×10-24

1.95
×10.-13

4.96
×10-18

9.00
×10-13

20 ×1011

9 5.2  ×1017 0.2600 4 13 6.83 × 10-45 8.90
×10-25

2.71
×10-14

4.37
×10-18

3.25
×10-13

60 ×1011

10−14 sec and ν′ = 1011 to 1012 s−1) [8]. In our present
calculations we have observed that three-phonon processes
are less important in intermediately doped samples for
T < 50 K. For silicon reported value of Bl, Bt and B′

t
are Bl = 2.0 × 10−24 s deg−3, Bt = 9.3 × 10−13 deg−3,
B′

t = 5.5 × 10−18s [11]. As the three-phonon processes
are related with the anharmonicity of crystal lattice, so
for higher concentration of impurity atoms lower values of
3-phonon parameters are expected.

Figure 3 shows (for sample-9 of Ref. [5]) that our cal-
culated values slightly overestimate the experimental re-
sult around T = 10 K to some extent. Here we have
adjusted Ed and Eu at T = 5 K. Watkins and Ham’s
electron paramagnetic resonance experiment on Lithium
doped silicon shows that Eu = 11.4±1.1 eV [16]. Values of
the shear deformation potential Eu that we chosen in the
present calculation are nearly same as in the calculations
of phonon conductivity for n-type silicon by Fortier and
Suzuki (Eu = 11.4 eV) [5] and Watkins and Hamé [16]. For
germanium it has been observed that Ed is always nega-
tive [1,2,5,17,18], but for silicon we have to take positive
values of Ed in order to get the best fit with the experi-
mental result. For lightly Li-O doped silicon samples we
had to take positive value of Ed (= 5 eV) to get the best
fit with the experimental phonon conductivity curve [9].
Moreover, it has been found by Cheung and Barrie [19]
that for n-type silicon positive value of Ed (= 10 eV) is
necessary to explain the shift of the donor energy levels
with temperature. It is important to mention here that
Myszkowski and Rogola [20] pointed out that the dilata-
tion deformation potential Ed for silicon is positive though
it is negative for germanium. The value of Ed predicted
by them is 2.6 eV.

From our present calculations of phonon conductiv-
ity ‘K’ for intermediately Li-doped silicon, it is observed
that Mikoshiba model is successful to explain fairly well
the experimental results except at very low temperatures
T < 2 K. At very low temperature other scattering pro-
cess like hopping between unoccupied and occupied donor
centers may play an important role [21] which need fur-
ther investigation. The use of such inhomogeneity model
to explain phonon conductivity in intermediately doped
samples receives support on the ground that in n-type

Fig. 3. Phonon conductivity obtained by the present calcula-
tions and the experimental points for Li-doped silicon (sample-
9 of Ref. [5]). Values of the different parameters are given in
Table 1.

semiconductor binding energy of the donor electron de-
creases gradually with the increase of donor concentration
and the sample becomes metal at a critical donor concen-
tration Nc. This decrease of donor ionization energy with
concentration is a phase transition of second order. Such
type of model has already been used by Szczybowski and
Czapla [22] to calculate electron concentration in InAs
film and found good agreement with the experimentally
obtained result.

Detail adjustments with the experimental point at high
temperature for the present samples require experimental
phonon dispersion curve for intermediately doped sam-
ples [23] that are not available at present and it will also
be interesting to investigate the effect of hopping at very
low temperature for such type of semiconductors.
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